We investigate the confinement mechanism in three-flavor QCD with imaginary isospin chemical po-
I. INTRODUCTION
Lattice QCD (LQCD) simulations indicate that QCD is in the confinement and chiral symmetry breaking phase at low temperature (T ) and in the deconfinement and chiral symmetry restoration phase at high T . Understanding of the confinement mechanism is, nevertheless, not adequate, although the chiral restoration is relatively well understood. The reason mainly comes from the fact that there is no exact symmetry for the deconfinement transition and hence the order parameter is unknown. In the limit of infinite current quark mass, the Polyakov-loop [1] is an exact order parameter for the deconfinement transition, since Z Nc symmetry is exact there, where N c is the number of colors. The chiral condensate is, meanwhile, an exact order parameter for the chiral restoration in the limit of zero current quark mass. In the real world where u and d quarks have small current masses m l ≡ m u = m d , the chiral condensate is considered to be a good order parameter for the chiral restoration, but there is no guarantee that the Polyakov-loop Φ is a good order parameter for the deconfinement transition.
In order to answer this problem, we constructed a gauge theory invariant under the Z Nc transformation, that is, a gauge theory with N f degenerate flavor fermions having flavor-dependent fermion boundary conditions [2, 3] . This Z Nc -symmetric gauge theory is constructed as follow. 
with the action
where q f is the quark field with flavor f and current quark mass m f , D ν = ∂ ν −iA ν is the covariant derivative with the gauge field A ν , g is the gauge coupling and 
The boundary conditions are changed into q f (x, β) = − exp (i2πk/N c )q f (x, 0)
by the Z Nc transformation [1, [4] [5] [6] [7] q → Uq,
where U(x, τ ) are elements of SU(N c ) with the property U(x, β) = exp (−i2πk/N c )U(x, 0) for integer k, while the action S 0 keeps the original form (2) since Z Nc symmetry is the center symmetry of the gauge symmetry [6] . Z Nc symmetry thus breaks down through the fermion boundary condition in QCD.
Now we consider the SU(N) gauge theory with N degenerate flavor quarks, i.e. N ≡ N f = N c , and assume the following flavor dependent twist boundary conditions (TBC):
for flavors f labeled by integers from 1 to N; here θ 1 is an arbitrary real number in a range of 0 ≤ θ 1 < 2π. The action S 0 with the TBC is invariant under the Z Nc transformation. In fact, the Z Nc transformation changes f into f − k, but f − k can be relabeled by f since S 0 is invariant under the relabeling. This is the gauge theory proposed in our previous works [2, 3] and is referred to as the Z Nc -symmetric gauge theory in this paper. .
When the fermion field q f is replaced by
with Euclidean time τ , the action S 0 is changed into [7] 
with the imaginary quark number chemical potential µ f = iT θ f , while the TBC is transformed back to the standard one (3). The action S 0 with the TBC is thus equivalent to the action S(θ f )
with the standard one (3).
In the limit of T = 0, the Z Nc -symmetric gauge theory is identical with QCD with the standard boundary condition (3) . Noting that Φ = 0 at T = 0, one can predict that in the Z Nc -symmetric gauge theory Z Nc symmetry is preserved up to some temperature T c and spontaneously broken above T c . In fact, this behavior is confirmed in Refs. [2, 3] by imposing the TBC on the Polyakovloop extended Nambu-Jona-Lasinio (PNJL) model that has the same global symmetries as QCD at imaginary chemical potentials. In the Z Nc -symmetric gauge theory, the quarkyonic phase with Φ = 0 and finite quark-number density appear at small T and large real quark-number chemical potential µ [3] . Z Nc symmetry is thus essential for emergence of the quarkyonic phase.
In real QCD, however, s-quark has a current quark mass m s heavier than m l , where m l is a current quark mass of light quarks. This means that real QCD does not become Z 3 -symmetric even if the TBC is imposed. However, the TBC or its small extension may be important to understand the confinement mechanism, since real QCD with 2+1 flavors is not far from QCD with three degenerate flavors. As an extension of the TBC, one can consider the θ-variant TBC
where θ varies from 0 to π; this boundary condition is illustrated in Fig. 1 . The system with the θ-variant TBC is equivalent to the system with imaginary isospin chemical potential
where µ I ≡ µ u − µ d = 2iθT means the imaginary isospin chemical potential. The θ-variant TBC agrees with the standard boundary condition (3) when θ = 0 and the TBC (6) when θ = 2π/3.
For the case of small T , as shown later in Sec. III, Φ keeps a real number for any θ and varies from a positive value to a negative one as θ increases from 0, since charge-conjugation (C) symmetry is not spontaneously broken there. This means that Φ becomes zero at some value θ conf of θ.
Hence the static-quark free energy, −T ln[Φ], diverges there. Thus the confinement appears, even if the system does not have Z Nc symmetry exactly. This fact means that one can consider the confinement by using Φ and regard it as an order parameter of the confinement/deconfinement transition, even if Z Nc symmetry is not preserved exactly. Thus 2+1 flavor QCD with imaginary isospin-chemical potentials (10) is an important system to be analyzed.
As for zero and real µ, meanwhile, an important question is what is a good indicator of QCD phase transition in heavy-ion collisions. About 10 years ago, it was proposed that correlations and fluctuations (or susceptibilities) of conserved charges may be good signals [38] [39] [40] [41] [42] [43] . If there exists a critical endpoint (CEP) of chiral transition [44, 45] , the baryon number susceptibility may be a good signal, since it diverges at the CEP [38, 41, 42] . More recently it was suggested that third moments of conserved charges can serve as probes of the CEP [46] . Furthermore, it was proposed in Ref. [43] with the two-phase description of quark-hadron phase transition that the non-diagonal element χ us of quark number susceptibilities may be a good indicator of the confinement/deconfinement transition, since it vanishes in the deconfinement phase where interactions are weak but becomes finite in the hadron phase where different species of quarks are confined. The non-diagonal element was recently analyzed by LQCD simulations [47, 48] and the PNJL model [49, 50] .
In this paper, we analyze QCD at imaginary isospin-chemical potentials (10) for both cases of three degenerate flavors and 2+1 flavors, using the PNJL model. As for three degenerate flavors, QCD with imaginary isospin-chemical potentials (10) becomes Z 3 -symmetric at θ = 2π/3 and hence Φ becomes zero there. As for 2+1 flavor quarks, Φ vanishes at θ = θ conf < 2π/3 and θ conf is a function of T . In the θ-T plane, there is a line of Φ = 0 for both three degenerate flavors and 2+1
flavors. On the line, the thermodynamic potential Ω has the same property between the two cases.
For real QCD with 2+1 flavors, it is well known that the deconfinement transition is crossover at zero θ [51] . The deconfinement crossover is a remnant of the first-order deconfinement transition at θ = θ conf . This θ dependence indicates that there exists a CEP of deconfinement transition in the θ-T plane.
We also investigate the interplay between the deconfinement transition and the non-diagonal element χ us of quark number susceptibilities at zero and finite θ. The pseudocritical temperature of the deconfinement transition is usually defined by the peak position of the Polyakov-loop susceptibility. The absolute value |dχ us /dT | has a peak at the pseudocritical temperature, whereas χ us does not. This behavior is more conspicuous at the CEP than at zero θ. In the θ-T plane, hence, a transition line defined by the peak position of |dχ us /dT | almost coincides with a transition line by the peak position of the Polyakov-loop susceptibility.
This paper is organized as follows. In §2, the three-flavor PNJL model is recapitulated and θ dependence of Φ is analyzed with the PNJL model. In §3, numerical results are shown. Section 4 is devoted to a summary. 
II. PNJL MODEL
The PNJL model [8-11, 13-29, 31-37] is designed to describe the confinement mechanism as well as the chiral symmetry breaking. In the imaginary µ region, the model can reproduce LQCD data [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] , since the model describes the Roberge-Weiss (RW) periodicity [6, 7, 18, 22, 32, 36] .
The model is also successful for the imaginary isospin chemical potential region [24, 57, 58] . We recapitulate the model.
The three-flavor PNJL Lagrangian is defined in Euclidian spacetime as
where 
with L = exp(iA 4 /T ) and its hermitian conjugateL. In the PNJL model, they are calculated with the Polyakov gauge. We take the Polyakov potential of Ref. [13] :
Parameters of U are fitted to LQCD data at finite T in the pure gauge limit. The parameters except T 0 are summarized in Table I . The Polyakov potential yields the first-order deconfinement phase transition at T = T 0 in the pure gauge theory [66, 67] . The original value of T 0 is 270 MeV determined from the pure gauge LQCD data, but the PNJL model with this value yields a larger value of the pseudocritical temperature T c at zero chemical potential than T c ≈ 160 MeV predicted by full LQCD [68] [69] [70] [71] . We then rescale T 0 to 195 MeV so as to reproduce T c ∼ 160 MeV [33] . 
where
with
where the second transformation is the relabeling of u and d. The three-dimensional cutoff is taken for the momentum integration in the vacuum term [26] . The dynamical quark masses M f and the mesonic potential U M are defined by
The NJL sector of the PNJL model has six parameters, (
set of the parameters is obtained in Ref. [72] ; for example, m l = m u = m d = 5.5 MeV and m s = 140.7 MeV. The parameter set is fitted to empirical values of η ′ -and π-meson masses and π-meson decay constant at vacuum. We refer to this parameter set as "set R" (realistic parameter and that with m s = 600 MeV as "set H" (heavy strange quark parameter set). These parameter sets are summarized in Table II . The resultant thermodynamic potential Ω is a function of σ u , σ d , σ s , Φ and Φ * . Values of the mean fields are determined from the location of the global minimum of Ω in the variable space.
Since σ u = σ d is preserved except for the RW phase in which C symmetry is spontaneously
parameters, and adopt Φ R = (Φ + Φ * )/2 and Φ I = (Φ − Φ * )/(2i) instead of Φ and Φ * . The order parameter Φ I is C-odd, whereas σ, σ ′ and Φ R are C-even.
The susceptibilities are calculable as [17] 
with the curvature matrix C defined by
When it is not confusing, we denote the set {µ u , µ d , µ s } by µ and the set {σ, σ ′ , Φ R , Φ I } by ϕ. The Polyakov-loop susceptibilities, χ Φ R Φ R and χ Φ I Φ I are real for imaginary isospin chemical potential except for the RW-phase.
The susceptibilities of quark number densities are defined as
where f, f ′ = u, d, s and the derivation D Dµ f means the partial derivation with respect to µ f with fixing the other external parameters T and µ f ′′ ( = µ f ). We also define the derivative of the susceptibilities with respect to T as
Using the Z 3 transformation
with an arbitrary integer k, one can see that Ω has the RW periodicity [6, 18, 22, 32, 36] :
The RW periodicity does not mean that the system is Z 3 -symmetric, since the external parameters Finally we consider θ-dependence of Φ at low T . In (15) , Ω depends on Φ only through the Polyakov-loop potential U and the logarithmic term F ≡ −T f (ln F f + ln Ff ). For small T , it is well satisfied that T ≪ M f and Φ ≪ 1. Hence F is approximated into
where Φ and N are real for any θ, because C symmetry is preserved. For small T , the Polyakovloop potential U has a global minimum at Φ = 0. The logarithmic term then moves the minimum point to positive (negative) Φ, when N is positive (negative). When θ varies from 0 to 2π/3, N changes the sign from plus to minus. Hence the minimum point moves from positive Φ to negative Φ as θ increases from 0 to 2π/3. Eventually the confinement phase with Φ = 0 emerges at some value θ conf of θ. It follows from N = 0 that
and hence θ conf = 2π/3 for three degenerate flavors (M l = M s ) and π/2 for two flavors (M s = ∞). This indicates that θ conf is between 2π/3 and π/2 for 2+1 flavors, whereas θ conf = 2π/3 for set S. Thus the confinement emerges, even if Z 3 symmetry is not preserved. The thermodynamic potential (15) in the phase has only three-quark configurations e −3E f /T for both of three degenerate flavors and 2+1 flavors. The only difference between the two cases is the value of θ conf .
III. NUMERICAL RESULTS

A. The case of µ = 0
We first analyze the thermodynamics at µ = 0 through the PNJL calculation with set R. In panel Since Φ = Φ * , Φ I is zero. This means that Φ I itself is not a good order parameter of the deconfinement transition. The peak position of χ Φ I Φ I does not coincide with that of χ Φ R Φ R , but it should be noted that χ Φ I Φ I is rapidly changed at T = T D where χ Φ R Φ R has a peak. 
B. The case of θ = 2π/3
Next we analyze the thermodynamics at θ = 2π/3 through the PNJL model with set R and set S. First we consider set R. In Fig. 3(a) , σ and |Φ| are plotted as a function of T . The Polyakov loop Φ is real at small T where C symmetry is preserved, but becomes complex at high T where the C symmetry is spontaneously broken. The high T region is called the RW phase; further discussion will be made in subsection III C for the RW phase. As T increases, Φ has a discontinuity at In the RW phase, the isospin symmetry between u and d is also broken due to the spontaneous breaking of C symmetry [22] . Figure 4 (a) shows T dependence of σ f at θ = 2π/3 for the case of set R. As a consequence of the isospin symmetry breaking, one of light quarks becomes heavier, while the other becomes lighter. Figure 3(b) is the same as Fig. 3(a) , but the PNJL calculation is done with set S. The order parameters σ and Φ have similar T dependence to those in Fig. 3(a) . However, Φ is zero below 
C. Phase diagram in the θ-T plane
Comparing Fig. 2 with Fig. 3 , one can predict that there exists a critical endpoint (CEP) of deconfinement transition in the θ-T plane. In fact, the CEP appears at θ = θ CEP = 0.62 × 2π/3 = 0.41π, since the transition changes the order from crossover to first order there. Figure 5 shows T dependence of χ Φ R Φ R , χ Φ I Φ I and χ σσ at θ = θ CEP . The susceptibility χ Φ R Φ R diverges at T = T CEP = 175 MeV. This indicates that the deconfinement phase transition is second order just on the CEP. Since Φ R and σ are C-even, they can be correlated with each other. In fact, χ σσ has a divergent peak on the CEP, although it has another peak at higher T . Meanwhile, Φ I is C-odd, so that it is not divergent on the CEP, although it rapidly decreases there. is multiplied by -1. χ Φ R Φ R is divided by 10, while χ Φ I Φ I is multiplied by 100.
As mentioned in Sec. II, Φ becomes zero at some value θ conf of θ when T is small, and θ conf is 2π/3 for three degenerate flavors and less than 2π/3 for 2+1 flavors. Figure 6 shows θ dependence of Φ at low T . The PNJL calculation is done for three cases of set R, set S and set H. The value of θ conf is 2π/3 for set S (m s = 5.5 MeV), ∼ 0.85 × 2π/3 = 0.56π for set R (m s = 140.7 MeV) and ∼ 0.75 × 2π/3 = π/2 for set H (m s = 600 MeV). The set-H case agrees with the two-flavor case [24] . Strictly speaking, θ conf depends on T for 2+1 flavors, but does not for three degenerate flavors, as shown in (28). Figure 7 shows T dependence of the phase φ of Φ at θ = 2π/3. The phase φ is C-odd and hence an order parameter of C symmetry. In panel (a) of set R, φ is π at small T , and it jumps to about ±2π/3 at high T . This indicates that Φ is negative at small T and C symmetry is broken at high T . Thus the system is in the RW phase at high T . Similar result is seen in panel (b) of set S. Here
Φ is zero at small T and hence φ is not defined there. At high T , φ is ±2π/3. T dependence of φ at θ = 2π/3 shown above is illustrated in Fig. 8 as a movement of Φ with respect to increasing T in the complex Φ plane. In panel (a) of set R, the RW phase transition as the spontaneous breaking of C symmetry is illustrated by two arrows from some negative value.
The transition is mirror-symmetric about the real Φ axis in virtue of C symmetry. In panel (b) of set S, the deconfinement transition as the spontaneous breaking of Z 3 symmetry is illustrated by three arrows. The transition is Z 3 -symmetric and a jump of Φ = 0 to Φ = Φ ′ , Φ ′ e ±2π/3 for positive Φ ′ smaller than 1. Similar result is seen in panel (b) of set S; φ is zero at 0 ≤ θ < 2π/3, while φ ≈ ±2π/3 at θ > 2π/3.
The RW phase transition was discovered first in the θ q -T plane [6] , where θ q is the dimensionless imaginary quark-number chemical potential defined by the quark-number chemical potential µ q as µ q = iT θ q . The quark-number density is discontinuous at θ q = π/3 mod 2π/3, when T is higher than some temperature T RW . This first-order phase transition is now called the RW phase transition. It was found in Ref. [22] that C symmetry is also spontaneously broken in the RW phase transition. One can then define the RW phase transition by the spontaneous breaking of C symmetry. In the θ q -θ-T space, the RW phase appears as a plane of θ q = 0, θ 0 ≤ θ ≤ π and T > T RW . Here θ 0 is a critical value of θ and depends on T for set R but not for set S; for example, θ 0 = 0.93 × 2π/3 at T = 250 MeV for set R and 2π/3 at T > T RW for set S. the dot-dot-dashed line indicates that the confinement at θ = 0 becomes stronger as m s increases.
In all the cases, the chiral restoration is weakened at large θ, so the chiral-transition lines are not shown there. In Fig. 11 , |Φ| is plotted as a function of θ and T . For large θ, |Φ| has an abrupt jump as T increases. This jump indicates that the deconfinement transition is first order. As θ decreases, the order of the deconfinement transition is changed into crossover. The crossover deconfinement transition at θ = 0 is thus a remnant of the first-order deconfinement transition at large θ. The interplay between χ us and χ Φ I Φ I can be understood as follows. The stationary condition
and its derivatives
lead to a relation between χ f f ′ and χ ϕ i ϕ j as
For later convenience, we define ∂ X = ∂/∂X. As for χ us , the second derivative ∂ µu ∂ µs Ω vanishes at µ f = 0, since Ω is µ f -even for each f and hence ∂ µu ∂ µs Ω is µ f -odd. Similarly, µ f -odd
does not. These properties lead to
Thus χ us is correlated with not χ Φ R Φ R but χ Φ I Φ I . The PNJL result shown in Fig. 12 (a) well simulates T dependence of χ us calculated with LQCD [47, 48] , although the former underestimates the latter for the magnitude of χ us . This underestimation may stem from the fact that the present model does not treat baryon degrees of freedom explicitly. Similar behavior is seen on the CEP, as shown in Fig. 12(b) . The relation (33) persists for finite θ, since C symmetry is preserved there. Therefore |χ us | rapidly decreases at T = T CEP , and consequently χ us,T has a peak there. The peak is even more conspicuous for θ = θ CEP than for θ = 0.
IV. SUMMARY
We have investigated the confinement mechanism in three-flavor QCD with finite imaginary isospin chemical potentials (µ u , µ d , µ s ) = (iθT, −iθT, 0), using the PNJL model. Two cases of three degenerate flavors and 2+1 flavors were taken. In the former case, the system has Z 3 symmetry at θ = 2π/3. The symmetry is not spontaneously broken for low T and hence the Polyakov loop Φ is zero there. In the latter case, Z 3 symmetry is explicitly broken for any θ, but Φ becomes zero at θ = θ conf smaller than 2π/3. Thus the confinement phase defined by Φ = 0 is realized, even if the system does not have Z 3 symmetry exactly. In the confinement phase, the static-quark free energy, −T ln [Φ] , diverges. This means that one can consider the confinement by using Φ and regard it as an order parameter of the confinement/deconfinement transition, even if Z 3 symmetry is not preserved exactly.
The phase diagram is determined in the θ-T plane. There is a CEP of deconfinement transition at a finite value θ CEP of θ. This is a good contrast with the CEP of chiral transition at real quarknumber chemical potential. As another interesting point, there is a line of Φ = 0 for both cases of three degenerate flavors and 2+1 flavors. On the line, the confinement phase is realized and the thermodynamic potential has only three-quark configurations in which red, green and blue quarks are statistically in the same state. This property is independent of whether the system has Z 3 symmetry or not.
In the θ-T plane, the confinement transition is crossover on the axis of θ = 0, while it is first order on the line of Φ = 0. This means that the deconfinement crossover at θ = 0 is a remnant of the first-order deconfinement transition on the line of Φ = 0. Hence the distance of the line of Φ = 0 from the axis of θ = 0 shows how strong the confinement property is at θ = 0. The line of Φ = 0 is moved to smaller θ, as m s increases. This means that the confinement property is stronger in the two-flavor case than in the 2+1 flavor case. This statement may be consistent with LQCD results [33, 68, 71] . The non-diagonal element χ us of quark number susceptibilities is correlated with not χ Φ R Φ R but χ Φ I Φ I for zero and finite θ. Hence |χ us | does not have a peak near the pseudocritical temperature defined by χ Φ R Φ R , but rapidly changes there. As a consequence of this property, its derivative χ us,T has a peak there. The peak is more conspicuous for finite θ than for zero µ.
The present results are derived with the PNJL model, but these can be checked by LQCD simulations directly, since the simulations are free from the sign problem for imaginary isospin chemical potential.
